Citation for the original published paper (version of record):
I. INTRODUCTION
The vibroacoustic behaviour of porous materials is, according to the current state-of-the-art, governed by Biot's continuum equations 1 for a poroelastic solid saturated by a compressible fluid. The modelling of viscous dissipation mechanisms in these materials is receiving a growing interest in order to help their optimisation in terms of weight, manufacturing cost, and vibroacoustic performance. Clearly then, meaningful numerical prediction strategies aimed at defining their dissipative properties in terms of relevant physical microstructure are required.
A sweep electron microscope (SEM) micrograph of a lightweight porous glass fibre thermal insulation material is shown in Fig. 1 . Due to the manufacturing processes incorporated to produce the material, 2 it consists of a very sparse network of thin cylindrical fibres. Indeed, the aforementioned manufacturing processes will also lead to a statistical distribution of fibre diameters and fibre orientation angles representing a certain degree of anisotropy, leading to physical characteristics that are highly dependent upon direction and the material microstructure. Furthermore, in order to develop a traditional porous vibroacoustic model of this material, extensive material characterisations and vibroacoustic performance measurements would need to be carried out, making direct physical relationships to manufacturing processes difficult. A large number of publications have been presented on such methods during the last decades, a complete review of which is beyond the scope of the present paper. Some important references may be found in Ref. 3. An alternative approach, which is explored here, would be to formulate appropriate physical microstructure models that could be used in order to understand and optimise the vibroacoustic viscous dissipative effects of lightweight porous fibrous materials. Such work was initially given considerable attention by, see for example, Sides et al., 4 Attenborough, 5, 6 Tarnow, 7 Pelegrinis et al., 8 and references therein.
In order to predict the dynamic drag of a cylindrical body in a viscous, incompressible fluid, one can either study the problem of the flow around the stationary solid object or the motion of the solid body in a fluid at rest. These two solutions provide results which are identical, see Laundau and Lifschitz. 9 Stokes 10 originally solved the linearised incompressible unsteady drag problem for an infinite cylinder in series form, which Chen et al. 11 and Lin and Chen 12 generalised to the case of a cylinder oscillating within a viscous incompressible fluid contained within a cylindrical enclosure. In the limiting case of the outer cylinder having an infinite radius, the solution approached that of a cylinder oscillating transversely in an unbounded fluid. Tarnow 7 has proposed a procedure to estimate the dynamic air flow resistivity of fibre materials, assuming randomly placed fibres having a mean diameter which is representative of a glass fibre insulation material. Two methods were considered which yielded similar results: flow in Voronoi cells surrounding the fibres, and a Brinkman self-consistent procedure to estimate directed current flow. The expressions for drag force per unit cylinder length are consistent with the limiting case of Chen's solution, and were found to have an accuracy on the order of 10% for porosities greater than 0.90, which were also the a) Electronic mail: pege@kth.se observations of Sangani and Yao 14 in their work studying the viscous transport processes in random arrays of cylinders. Morfey and Tan 15 used a numerical Navier-Stokes solution to study the problem of the unsteady drag on a cylinder due to transverse finite oscillations in order to understand the onset of non-linearity. Once the displacement amplitude became comparable to the penetration depth of the viscous boundary layer on the surface of the cylinder, non-linearity was observed. It was also stated that provided the cylinder diameter was much less than the acoustic wavelength of the oscillation frequency, the drag forces could be calculated analytically. The application to a glass fibre insulation blanket in the high porosity limit was considered using the analytical solution, and the models were stated as being realistic only if fibre spacing was larger than the viscous penetration depth as defined by boundary layer theory. This statement is not in agreement with Tarnow's findings, since for the specified material: bulk density of 16 kgm
À3
, a mean fibre diameter of 6.8 lm and a fibre spacing of 76 lm, the viscous penetration depth at 1 Hz would be 2.18 mm which is clearly greater than the spacing between fibres. More recently, Tahir and Tafreshi, 16 and Stylianopoulos et al.
17
have studied the influence of in-plane and through-plane fibre orientations on the permeability of fibrous porous materials. Very good results were obtained using a computational fluid dynamics based flow solution of the Stokes equations in the void space between the regular and stochastic threedimensional grid of fibres. Especially large numerical model sizes were needed for their analysis, making this approach a computational challenge for engineering and material development work.
II. PRESENT WORK
Taking these considerations as a starting point, the objectives of the present work, then are to develop and validate an efficient analytical representation of the dynamic viscous dissipation characteristics of lightweight fibrous porous materials based on microstructure. A set of momentum equations where the computed drag forces are introduced as dynamic drag impedances are defined. These impedances may be computed for general fibre diameter distributions and fibre orientation angles. The validity of the modelling approach is assessed through finite element solutions of three different fibre arrangements. A single fibre case is used to verify the analytical solutions as such. A two-fibre arrangement is used to investigate the interaction of the shear fields with neighbouring fibres and to verify whether this may be neglected for high enough porosities. Finally, a representative array of equally spaced and statistically distributed fibres is used to verify the overall modelling approach for a real material. Throughout the paper, a harmonic time dependence e ıxt , where x is the angular frequency in [radians/s] and ı ¼ þ ffiffiffiffiffiffi ffi À1 p , is assumed.
III. MATERIAL DEFINITION
The material under consideration is a lightweight and flexible aircraft acoustical and thermal insulation from the Johns Manville company, which consists of phenolic resinbonded borosilicate glass fibres formed using a thermosetting process. The properties used to characterise this material are given in Table I . The skewed statistical distribution of fibre diameters was estimated from microscopy, as shown in Fig. 2 . From the microscopic analysis, the fibres were determined to range in diameter from 0.125 to 5.0 lm. For this material the measured static flow resistivity values were recorded as 23 400 and 11 000 Nsm
À4
, in the direction through the thickness of the material and in the plane parallel to the surface of the fibrous blanket, respectively.
Throughout this work, a distinction will be made between the mean fibre radius a and the actual fibre radius a, see Fig. 2 , where the latter corresponds to the actual radii shown in the figure. The average fibre spacing b will be derived from the mean fibre diameter, assuming that the fibres are spaced equally in a rectangular array as shown in Fig. 3 . Then the relationship between material porosity / and mean fibre diameter becomes
allowing the average spacing b between fibres, with mean cylinder radius a, to be estimated as 18.052 lm.
IV. MOMENTUM EQUATIONS
To provide a basis for the expressions proposed in this work, and show how this approach relates to Biot's impedance tensorẐ per unit volume of composite material, which the skeleton exerts on the fluid. Note that the dynamic drag impedance,Ẑ with componentsẑ ij , are the analogues of Biot's flow resistivity. 1 Similarly, upon performing a momentum balance on the fluid phase of the composite porous medium control volume, the equation of motion for the fluid in Cartesian tensor component notation is (3) where q 0 is the ambient fluid density, r f ij the fluid stress tensor.
These momentum equations are included here for reference and will be investigated further in future works by the authors. In the remaining parts of the present paper, the focus will be on the calculation of the dynamic drag impedanceẑ ij for a fibrous material.
V. OSCILLATING CYLINDER IN A STATIONARY VISCOUS MEDIUM
The proposed model is based on the individual interaction of the cylindrical glass fibres with the surrounding fluid assumed to be air. Starting from the general case of a compressible viscous medium, the limiting case of no shear stress interaction between neighbouring fibres allows the problem to be treated as that of a rigid solid embedded in an elastic medium. The linear relationship between the shear modulus of the media and the absolute viscosity of a fluid, allows the solution to be converted into one representing a rigid solid embedded in a viscous incompressible fluid. 9, 18 The fluid stresses at the cylinder surface can then be determined analytically, providing relations required for the dynamic viscous drag forces per unit volume and from these, the dynamic drag impedance per unit volume as will be shown below.
The dynamic drag forces and the corresponding impedances, are calculated per unit length of fibre. To obtain the equivalent quantities per unit volume, the scaling required is given bŷ
where ð:Þ W is either the drag force or the drag impedance per unit length on the cylinder surface,: ð Þ is used to identify quantities scaled to volume, and l and t denote longitudinal and transverse directions, respectively. Superposition of the longitudinal and transverse fibre formulations then allows a spatially averaged dynamic force, or impedance, matrix, representative of the transversely isotropic fibre orientations in the material, to be estimated as will be shown in the following.
A. Longitudinal cylinder oscillations
The case of an infinite rigid cylinder of radius a embedded in an incompressible viscous medium oscillating with harmonic displacement u c along its axis of symmetry (longitudinally) is shown in Fig. 4 . At the interface between the cylinder surface ðr ¼ aÞ and the surrounding medium, there is assumed to be no relative motion, i.e., no slip conditions. Effects at the ends of the cylinder are neglected, as are the effects of surface roughness and fibre bonding to neighbouring fibres. In this case, the displacement relation for the medium surrounding the cylinder is given by
assuming there is no radial or azimuthal dependence. A suitable potential is assumed to be
where A 1 is a constant and k b is the shear wavenumber of the surrounding fluid given by
and with the Hankel function of zeroth order and of the second kind, H ð2Þ 0 ðk b rÞ representing outward radiation of the shear waves. Substitution of the potential Xðr; tÞ into Eq. (5), and making use of the no-slip boundary condition u z ¼ u c at ðr ¼ aÞ, leads to a displacement relation for the medium surrounding the cylinder,
The stresses on the surface of the cylinder,
allow the drag force per unit length on the cylinder surface to be specified as
where V c ¼ ıxu c is the velocity of the cylinder. From Eq. (10), the drag impedance per unit length for a longitudinally oscillating cylinder is then,
Note that for high frequencies, the solution for the cylinder oscillating along its axis of symmetry essentially converges to the solution of Stokes' second problem, 20 an oscillating infinite flat plate, where the width of the plate is equivalent to the circumference of the cylinder.
B. Transverse cylinder oscillations
The case of an infinite rigid cylinder of radius a embedded in a viscous medium and oscillating transversely with harmonic displacement u c is shown in Fig. 5 . Dilatational and shear waves are radiated into the surrounding medium but, as will be shown below, in the incompressible limit, only shear waves are present. It is assumed that at the medium/cylinder interface no-slip conditions exist; the analysis then proceeds in a similar way as the case of the longitudinally oscillating cylinder. The displacement relations for the medium surrounding the cylinder are given by 
assuming there is no axial dependence. Suitable wave potentials then are
Wðr; hÞ ¼ DðrÞ
where for convenience in the analysis, the following relations have been introduced: 
The dilatation wavenumber k a is defined as
and the shear wavenumber k b being given by Eq. (7), k and G are the Lame moduli, and A and C are constants. Using wave potential solutions, and making use of the no-slip boundary conditions at the surface of the cylinder, u r ¼ u c cos h; u h ¼ Àu c sin h, then leads to the displacement relations for the surrounding fluid medium
where the constants A 1 , C 2 are defined as
The stresses on the surface of the cylinder are then given by
and
where the dilatation is given by D ¼ r 2 P ¼ Àk a P. Here, the following substitutions have been made G ¼ ıxl f ; k ¼ ıx# based on the linear relationship between a solid medium and an incompressible fluid, where
This then allows the normal and shear stresses on the surface of a cylinder caused by the surrounding incompressible viscous fluid to be written as
where V c is the velocity of the cylinder. The drag force per unit length on the surface of the cylinder is then given from the integral over the surface,
ðÀs rr cos h þ s rh sin hÞ a dh:
The result from the integration is
where the substitutions k
have been made. Furthermore, in the incompressible limit x ! 0, which then allows the following leading order Hankel function approximations for small coefficients ð( 1Þ to be used,
where xH 0ð2Þ 1 ðxÞ % ÀH ð2Þ 1 ðxÞ. Using these approximations, the drag force per unit cylinder length is reduced to the following form,
which agrees with expressions proposed by Stokes, 10 Chen et al., 11 and Yeh and Chen.
22
From Eq. (33), the drag impedance per unit length for a transversely oscillating cylinder is then
C. Dynamic drag impedance resulting from a bundle of fibres
In general, the fibres in a unit volume will have a distribution of both orientation angles h and diameters v. If these distributions are assumed to be independent, then the function related to the distribution of total fibre length per unit volume can be factorised as the product of the fibre diameter and orientation angle distributions,
where the total fibre length per unit volume is calculated from L ¼ Ð 1 0 gðvÞdv, and where Wðv; hÞ ¼ gðvÞhðhÞ;
with the distribution of fibre diameters gðvÞ and the distribution of fibre orientations hðhÞ. Then the drag force impedance per unit volume, due to fibre motion, is
where 
Integration over v from 0 ! 1 and over h from 0 ! p=2 yields the drag impedance per unit volume applied to the fluid by fibre motion. This is written in matrix form asẐ 
Performing the integrations in Eqs. (41) and (42), using the expressions in Eqs. (38) and (39), gives the spatially averaged dynamic impedance tensor, 23 which takes into account the fibre orientations in the in-plane and transverse directions as,
whereẐ l andẐ t are given by Eqs. (4), (10), and (33). For more generalised fibre orientations, a complete assessment of the material can be made using skeletonised X-ray microtomography techniques, see for example, Ref. 24 , allowing an anisotropic dynamic impedance tensor to be estimated. 17 This procedure is also completely compatible with newly defined anisotropic flow resistivity measurement techniques for porous materials, 25, 26 and with additional lightweight polymer-based fibrous porous materials. 27 
VI. FINITE ELEMENT SIMULATIONS
In order to assess the range of material porosities suitable for application of the proposed analytical microstructural expressions for dynamic drag impedance prediction, three different finite element (FE) models were established. First a model of a single rigid cylinder transversely oscillating sinusoidally in a stationary unbounded viscous incompressible fluid was considered. Once established, the principle modelling approach was then used to assess the interaction of shear stress fields generated in the fluid in the vicinity of neighbouring fibres, in a two-fibre model as well as a model of an array of 225 fibres, as presented below.
For the FE modelling, the COMSOL Multiphysics simulation package 28 was chosen, principally for the possibility of defining the non-reflecting characteristics of the surrounding fluid outer boundary in terms of a perfectly matched layer (PML).
A. Single fibre embedded in an infinite viscous incompressible fluid
The first case of a sinusoidally oscillating rigid cylinder, embedded in an infinite viscous incompressible fluid was considered in order to establish a common basis for the FE numerical procedure using as a reference the analytical formulation for transverse dynamic drag force as defined by Eq.
(33). This situation lends itself well to an FE solution, the main challenge being the implementation of a non-reflecting outer boundary in the model to allow a correct representation of propagating wave dissipation in the surrounding fluid of infinite extent. The fluid region surrounding the fibre was divided into two separate domains, an inner having a radius of 1.5 mm which was encased by a non-reflecting PML having a depth of 0.5 mm, as shown in Fig. 6 . The combined depth of the fluid surrounding the fibre is then 2 mm. The fibre oscillation amplitude was chosen to be 0.01 lm in order to ensure linearity.
The choice of the PML exponent scaling function, which defines the absorption of the outgoing waves in the PML, is critical 29 since the objective in the analysis is to ensure only outwardly radiating waves without reflections. The scaling function of the PML can be sensitive to inaccuracies at very low values of k b h, where k b is given by Eq. (7), and h is the characteristic size of the computational domain. For the chosen excitation frequency in this analysis, k b h % 1, while for the very low frequencies, k b h is significantly less than 1, leading to numerical difficulties. The source of the inaccuracy lies in the discretisation of the evanescent wave components, which decay rapidly inside the PML, leading to spurious reflections at the interface between the fluid and PML domains. For this reason, only an idealised single oscillation frequency of 1 Hz was considered for the FE modelling and the comparison with the solution from Eq. (33).
Quartic U 4 P 3 Lagrangian finite elements were chosen to ensure convergence by accurately representing the incompressibility of the fluid region; 5946 triangular elements were used, resulting in 122 985 degrees of freedom in the model. Sufficient element distribution along the cylindrical boundaries of the fibre was used to ensure accurate resolution of the shear stress field in the fluid region near the cylinder surface. The simplicity of axisymmetry conditions were not considered for the analysis, since the modelling approach would be later scaled up towards a rectangular grid of random fibre diameters, specified according to the known statistical fibre diameter distribution.
The calculated real parts of the total displacement and shear stress fields from the FE model are then presented in Figs. 7 and 8, respectively. Examination of the symmetry of displacement field results shows that the waves radiating outwardly through the fluid from the fibre surface have not experienced any unwanted boundary reflections. The results also show that the shear stress field in the region of the fibre surface exists in a state of complete symmetry, which is a further confirmation of the accuracy of the solution. Indeed, integrating over the fibre surface to estimate the shear stress, allows the dynamic drag impedance per unit length values to be estimated. From the single fibre FE model a value of 88415 Nsm À4 was found, which is within 1.2% of the analytical result of 87 449 Nsm À4 as predicted by Eq. (33). With respect to the numerical difficulties present when trying to model such microscopic geometries and propagating waves using finite elements, these results should then be considered as a satisfactory validation of the numerical FE modelling procedure.
B. Shear field interaction between two neighbouring fibres
Having verified the FE predictions for a single fibre, the next investigation was focussed on the assumption that, given sufficient spacing between fibres, the interaction of shear stress fields in the vicinity of neighbouring fibres would be negligible. For this purpose, a FE model with 2 neighbouring fibres was investigated. In this case, the two cylinders oscillate transversely and in-phase within the infinite incompressible viscous fluid, having a spacing of 18.052 lm. The calculated real part of the shear stress field in the immediate vicinity of the fibre surfaces is presented in Fig. 9 , along with the definition of a sectional line extending at 45 deg from the left-side fibre.
Comparing the shear stress distribution around the single fibre, Fig. 8 , with the same around one of the fibres in the two-fibres solution, in Fig. 9 , there is a qualitative similarity while the maximum and minimum stress levels are about 50% higher in the single fibre case. To further assess the influence of the neighbouring fibre, the shear stress as calculated along the sectional line for the two-fibre case was compared with the single fibre case. From Fig. 10 , it may be seen that for fibres separated by b, i.e., the mean fibre spacing in the glass fibre insulation blanket of 18.052 lm and for the low oscillation frequency considered here, interaction between the fields surrounding the fibres does indeed exist close to the cylinder surface. Also here a 50% higher stress is predicted by the single fibre solution as compared to the two-fibre case. However, at a distance of about 6 a, the shear stress field for the two-fibre case is close to the single fibre result. At a distance approximately equal to b, i.e., the mean fibre spacing, along the sectional line, the two solutions agree well with each other, the disturbance caused by the presence of the second fibre is negligible.
Obviously the shear stress fields of the fibres interact with each other at the low frequency and with the porosity considered here. This observation is not surprising, since for this simplified two-fibre case, boundary layer theory 15 suggests that the analytical expressions for dynamic drag forces presented in this work are absolutely valid only if the fibre spacing is larger than the viscous boundary layer penetration
, which at 1 Hz is 2.18 mm and is very much larger than the average fibre spacing values considered here. However, with the observed rapid spatial decay, it is reasonable to expect that for very high porosities, this influence becomes less significant. To illustrate this, two vertical lines indicating the fibre spacing corresponding to 90% (dashed) and 99% (solid) porosity, have been introduced in Fig. 9 . Interestingly, this also holds for increasing frequencies as the interaction could be expected to decrease due to the decrease in the viscous boundary layer penetration depth.
C. Shear field interaction within a fibre array
The two-fibre model discussed in Sec. VI B had two identical fibres placed a distance b from each other. From the analysis, it was found that there is an interaction between the two fibres that lower the shear stress amplitudes by about 50% as compared to the single fibre solution.
To further investigate the significance of this shear stress field interaction, a more realistic material with a large distribution of fibre diameters was modelled. For this purpose, a model of a more representative random array with fibres uniformly distributed in a regular array using the mean fibre spacing b, i.e., 18.052 lm, was established as schematically shown in Fig. 11 . This model adds not only increased complexity due to a larger number of interacting fibres. It also incorporates the effects related to a variation of the fibre diameters in the array, for which the measured statistical distribution of diameters shown in Fig. 2 was used. A total of 225 fibres were then included in the FE model, which is centered around a fibre with the mean diameter, d m ¼ 2 a. Computational limitations prevented a larger number of fibres from being considered, but the number chosen was deemed to be sufficient for a first analysis. The resulting FE model then consisted of 214 132 U 4 P 3 triangular elements, having a total of 4 415 564 degrees of freedom.
All fibres in the array were excited in-phase at a frequency of 1 Hz, which would correspond to a uniform rigid body motion of the entire material sample; the resulting total displacement and shear stress field results are presented in Integrating over the surfaces of all 225 fibres, the arithmetic mean of the macroscopic shear stress allowed the dynamic drag impedance to be estimated as 81 852 Nsm À4 . As a comparison, the arithmetic mean of the shear stress as calculated using the analytical expressions proposed here, using the same measured statistical distribution of fibre diameters, see Fig. 2 , gives a value of 79 527 Nsm À4 , which is within 2.9% of the FE predicted results.
The results obtained for the large array, where now the stronger shear fields generated by the smaller diameter fibres interact with the weaker fields of the larger diameter fibres, appears to have the effect of minimising the contributions of localised shear interactions in the material. Thus, moving towards a more representative macroscopic control space in the FE analysis has now smeared the localised shear stress interactions between fibres, which is highlighted in Fig. 14 , the plot of shear stresses extending along a 45 deg section line from the central fibre. At the locations of each fibre positioned along this line, there is a disturbance in the shear field in the immediate vicinity of the fibre. Except for these, the shear stress field exists in a state of relative global uniformity across all fibres in the grid. Note the influence of fibre diameter on the strength of the local shear stress.
Comparing the arithmetic means of the dynamic drag impedance as predicted by the FE model and the analytical approach proposed here, the agreement is remarkable, even for this low frequency.
VII. INFLUENCE OF FIBRE DIAMETER DISTRIBUTION
As discussed above, the fibrous material investigated in the present work has the statistical distribution of fibre diameters shown in Fig. 2 . To illustrate the influence of the fibre diameter on the dynamic drag impedance, adding to the interpretation of the analysis performed for the array with 225 fibres presented above, the real part of the dynamic drag impedances as calculated by Eqs. (10) and (33), are shown as a function of frequency in Figs. 15 and 16 , respectively, for a frequency range up to 10 000 Hz. For comparison the solutions pertaining to the mean fibre diameter are also included.
The results clearly indicate the dependence on direction, frequency as well as on fibre diameter of the dynamic drag impedance results. For the frequency range investigated, the mean fibre diameter longitudinal impedance scales by approximately a ratio of 13:1, while the mean fibre diameter transverse impedance scales by approximately a ratio of 4:1. At a frequency of 100 Hz for example, the transverse dynamic drag impedance of the mean fibre diameter is approximately 5.5 times greater than the longitudinal one. The results also indicate that in both the longitudinal and transverse cases, a reduction of fibre diameter leads to a corresponding increase in dynamic drag impedance. In fact, the results in Figs. 15 and 16 , suggest that the dynamic impedance is controlled by the thinner fibres in the material, as their dynamic impedances are up to three orders of magnitude larger than the thicker fibres'.
Using the real part of the dynamic drag impedance tensor for the material as defined by Eq. (43), the estimated low frequency drag impedance is then 11 703 and 22 553 Nsm À4 in the in-plane and normal directions for the mean fibre diameter case, and 10 410 and 20 560 Nsm À4 when the results are averaged over the distribution of fibre diameters as shown in Fig. 2 .
As a heuristic experiment, without making any claims of general validity as the shear stress interactions are completely neglected, the dynamic drag impedances predicted for very low frequencies could be compared to the static flow resistivity measured for the same material. In doing so, it is found that the above presented results are then in very good agreement with the measured static flow resistivity values of 11000 and 23 400 Nsm
À4
, respectively, and correspond to the observation that in the low frequency limit, the measured static flow resistivity in the normal direction for this class of material is approximately twice that for the in-plane directions. 7, 13 Furthermore, and of special interest is the fact that the mean fibre diameter and statistical fibre diameter distribution drag impedance estimates are very similar, suggesting that for this particular material, a simplified approach could be used to assess viscous dissipation performance using the mean fibre diameter and assumed fibre orientation directions only.
VIII. CONCLUSIONS
The viscous drag losses arising in the interior of a porous material are important for its acoustic performance. Here a microstructure-based analytical procedure has been proposed to determine the dynamic drag impedance tensor representing a lightweight, transversely isotropic glass fibre insulation material and has been adapted to the problem of a porous fibrous aircraft thermal insulation blanket having a skewed distribution of fibre diameters. The predicted dynamic drag impedances were shown to be strongly dependent on frequency, fibre diameter and especially orientation, highlighting the benefits of the microstructural approach presented here for real fibrous porous materials. The validity of the approach was assessed through finite element analysis of a periodic array of randomised fibre diameters oscillating in a viscous incompressible fluid of infinite extent, where the localised interaction of shear stress fields in the vicinity of neighbouring fibres appears to be minimised in the macroscopic sense of a large fibre array. 
